Classical estimation techniques for linear models either are inconsistent, or perform rather poorly, under α-stable error densities; most of them are not even rate-optimal. In this paper, we propose an original one-step R-estimation method and investigate its asymptotic performances under stable densities. Contrary to traditional least squares, the proposed R-estimators remain root-n consistent (the optimal rate) under the whole family of stable distributions, irrespective of their asymmetry and tail index. While parametric stable-likelihood estimation, due to the absence of a closed form for stable densities, is quite cumbersome, our method allows us to construct estimators reaching the parametric efficiency bounds associated with any prescribed values (α 0 , b 0 ) of the tail index α and skewness parameter b, while preserving root-n consistency under any (α, b) as well as under usual light-tailed densities. The method furthermore avoids all forms of multidimensional argmin computation. Simulations confirm its excellent finite-sample performances.
(a) OLS estimators. As already mentioned, the main trouble with OLS estimators is that their consistency rate depends on the tail index α. This follows from the general results by Samorodnitsky et al. (2007) on a class of linear unbiased estimators (see point (c) below). That rate is strictly less than the optimal root-n rate, which is a severe drawback. Moreover, the related asymptotic confidence regions and Wald tests cannot be constructed without estimating α itself.
(b) Stable MLEs. OLS estimators are the maximum likelihood estimators (MLEs) associated with Gaussian likelihoods; better performances can be expected from stable likelihoods (involving the four parameters of stable densities along with the regression coefficients of interest). A pioneering result by DuMouchel (1973) , indeed, shows that, somewhat surprisingly, stable MLEs (for location, scale, the tail index α, and the skewness parameter b) yield a very standard asymptotically normal behavior, with traditional root-n rates. This result easily extends to the regression case 3 . Practical implementation, of course, runs into the problem that non Gaussian stable densities, hence stable likelihoods, cannot be expressed in closed form. For specified tail index α and skewness parameter b, this is not an obstacle anymore thanks to the computationally efficient integral approximations obtained by Zolotarev (1986 Zolotarev ( , 1995 , Nolan (1997 Nolan ( , 1999 ) and several others. But in practice, the tail index and the skewness parameter also have to be estimated; the information matrix, moreover, is not block-diagonal (see DuMouchel (1975) ), so that the estimatorsα andb of α and b cannot simply be plugged into the information matrix when confidence regions or Wald tests are to be constructed for the regression parameters. Although asymptotically optimal, stable-likelihood-based inference in practice thus seems difficult.
(c) Linear unbiased estimators. A broad class of linear unbiased estimators, of which OLS estimators are a particular case, has been considered by Samorodnitsky et al. (2007) , who also provide a quite complete and systematic picture 4 of their asymptotic behavior. Consistency rates, as a rule, crucially depend on the tail index α of the underlying noise, and are strictly less than the optimal root-n ones; asymptotic covariances depend on α as well. All the drawbacks of OLS estimation thus also are present here. The BLUαN (best linear unbiased estimator, relative to some adequate α-norm-limited to 1 < α < 2) estimators considered in El Barmi and Nelson (1997) suffers from the same problems.
(d) LAD estimators. The bad performances of L 2 estimators (OLS) considerably reinforce the attractiveness of the L 1 approach. The so-called LAD (Least Absolute Deviations) estimators (a particular case of more general quantile regression estimators in the Bassett and Koenker (1978) style) indeed, irrespective of the tail index α, achieve (under Assumption (A1)) root-n consistency. The asymptotic properties of LAD estimators in regression models have been studied intensively: see Bassett and Koenker (1978) for the standard case, Knight (1998) or El Bantli and Hallin (1999) for more general results. Contrary to stable MLEs, BLUEs and OLS estimators, the LAD ones, thus, achieve rate-optimal consistency. Constructing the related confidence regions and Wald tests is possible via classical techniques, without any estimation of α. These advantages of LAD estimation in the stable context were emphasized as early as 1971 by Fama and Roll (1971) . On the other hand, LAD estimators, which are optimal under light-tailed double-exponential noise, cannot be efficient under any heavy-tailed stable density. The objective of this paper is to show how LAD estimators can be improved, often quite substantially, without specifying or estimating the tail index α.
R-estimation under stable errors.
Estimation methods based on ranks-in short, R-estimation-go back to Hodges and Lehmann (1963) , who provide R-estimators for one-sample and two-sample location models (under symmetric distributions, for the one-sample case), based on the Wilcoxon and van der Waerden (signed) rank statistic. Since then, the technique has been used in a variety of problems, including K-sample location, regression and analysis of variance, time series analysis and elliptical families-see, e.g., Lehmann (1963) , Sen (1966) , Jurečková (1971) , Koul (1971) , Jurečková and Sen (1996) , Koul and Saleh (1993) Ranks naturally appear as maximal invariants in semiparametric models where the density f of some unobservable noise constitutes the infinite-dimensional nuisance. Under classical Argmin form, the HodgesLehmann or R-estimator ϑ ϑ ϑ (n) HL of a parameter ϑ ϑ ϑ is defined as
where
) is a (signed)-rank test statistic for the null hypothesis H 0 : ϑ ϑ ϑ = ϑ ϑ ϑ 0 (two-sided test).
The main advantage of ϑ ϑ ϑ (n)
HL over more usual M-estimators follows from the fact that (under parameter value ϑ ϑ ϑ and error density f , and standard root-n consistency conditions),
HL − ϑ ϑ ϑ) is asymptotically equivalent to a function which depends on the unknown actual density f but is measurable with respect to the ranks R (n) (ϑ ϑ ϑ) of the unobservable noise (see Hallin and Paindaveine 2008 for details). The asymptotic relative efficiencies (AREs) of the R-estimator ϑ ϑ ϑ
HL defined in (1.1) with respect to other R-estimators, or with respect to its Gaussian competitor (OLS or Gaussian MLE, whenever the latter are root-n consistent) are the same as the AREs of the corresponding rank tests with respect to their Gaussian competitors. The Argmin form (1.1), however, is computationally inconvenient-particularly so in the case of a relatively high-dimensional parameter ϑ ϑ ϑ. Inspired by Le Cam's one-step estimation method, Hallin et al. (2006) , in the context of R-estimation of shape matrices in elliptical families and Hallin and Paindaveine (2008, unpublished manuscript), in a more general context, therefore introduced a one-step form of R-estimation. That method, contrary to (1.1), avoids the computational inconvenience of minimizing, over a possibly high-dimensional parameter space, a piecewise constant function of the form | Q (n) (R (n) (t))|; moreover it also provides, as a by-product, the asymptotic covariance matrix of the R-estimator. On the other hand, one-step methods require the existence of a preliminary rate-optimal consistent (here, root-n consistent) estimator. This role will be played, in the present context, by the LAD estimator, the only one in the existing literature enjoying the required consistency properties. Our R-estimators thus appear as a one-step improvements over the LAD estimators; they yield the same collection of ARE values as the corresponding rank-based tests, the values of which were obtained in Hallin et al. (2010) .
In this paper, we explain how that one-step method can be implemented for the estimation of the regression parameter of a general linear model with stable errors, and we study the asymptotic performances of the resulting R-estimators . Those R-estimators rely on a rank-based version of Le Cam's one-step methodology which bypasses the nonparametric estimation of cross-information quantities. They are asymptotically normal under any stable density (with standard root-n rate), and efficient at some prespecified stable density f θ θ θ . They exhibit the same asymptotic relative efficiencies as the rank-based tests studied in Hallin et al. (2010) . For specific scores, they outperform LAD estimators, and hence all valid and tractable estimation methods proposed in the literature. In particular, when based on certain stable scores, such as the score associated with the symmetric stable distribution with tail parameter α = 1.4 (see Figure 2) , they dominate the LAD under any stable distribution with α ∈ (1, 2). The computational advantages of one-step R-estimators over the more classical Argmin ones lie in the fact that the K-dimensional minimization (1.1) of a non convex piecewise constant rank-based objective function is replaced by the minimization of a continuous, strictly convex L 1 criterion (yielding the preliminary LAD estimator), followed by a one-dimensional optimization problem; the LAD estimator, moreover, can be obtained exactly as the solution of a linear programming problem. Table 3 below provides numerical evidence of the quite substantial advantages (in terms of bias and mean squared error) of one-step R-estimation over its classical Argmin counterpart.
2. R-estimation of regression coefficients.
Asymptotics for linear models with stable errors.
The family of α-stable densities is a four-parameter family
which characterizes the roles of δ and γ as location and scale parameters, respectively, and that of f α,b as the standardized version of f α,b,γ,δ . The parameters α and b determine the shape of the distribution, with α being the characteristic exponent (or tail index ) and b the skewness parameter-an interpretation justified by the fact that, for b = 0, f α,b,γ,δ is symmetric with respect to δ and, for 0 < b ≤ 1 (resp., −1 ≤ b < 0), skewed to the right (resp., to the left)-see Section 1.2 of Samorodnitsky and Taqqu (1994) for details. The notations F θ θ θ and F α,b,γ,δ will be used for the distribution function associated with f θ θ θ . Some particular choices of θ θ θ yield well-known distributions, namely the Gaussian (α = 2, any b), the Cauchy (α = 1, b = 0) and the Lévy (α = 1/2, b = 1). However, together with the reflected Lévy density, these are the only instances of stable densities that can be expressed explicitly in terms of elementary functions. For all other choices of the parameters, a closed form for f θ θ θ is not possible, and stable distributions either are defined in terms of characteristic functions and inverse Fourier transforms, or via integral formulas (see e.g. Nolan (1997) or Zolotarev (1986) ).
Throughout, we consider a vector
for some intercept a ∈ R and the regression parameters β β β :
iK (i = 1, . . . , n) are regression constants, and {ǫ
The construction of our R-estimators is based on the uniform local asymptotic normality (ULAN) property, with respect to β β β, of the regression model (2.3) under stable error densities. That property is established in Hallin et al. (2010) under the following technical assumptions. Without loss of generality, we impose that
, we make the following assumptions on the asymptotic behavior of the regression constants.
is positive definite and converges, as n → ∞, to a positive definite matrix K −2 .
Denoting by P (n) θ θ θ,a,β β β the probability distribution of X (n) under (2.3), let
stand for the residuals associated with the value β β β of the regression parameter: under P (n) θ θ θ,a,β β β , the Z 
, is ULAN with respect to β β β, with contiguity rate n 1/2 . More precisely, letting ν ν ν(n) := n
I(θ θ θ)I K is the information matrix and
the central sequence.
ULAN, here as in Hallin et al. (2010) , is stated under stable distributions, but of course is well known to hold under any density f such that f 1/2 is differentiable in quadratic mean; P (n) θ θ θ,a,β β β , ϕ θ θ θ and I(θ θ θ) then are to be replaced with P f (β β β) the corresponding central sequences.
One step R-estimators.
The vector
n , is distribution-free as f and a range over the class of all nonvanishing densities and R, respectively. Throughout, we consider the class of rank-based statistics
where J : (0, 1) → R is some score generating function satisfying
Assumption (B)
The score function J : (0, 1) → R is not constant, and the difference J 1 − J 2 between two right-continuous and square integrable non-decreasing monotone functions J 1 and J 2 : (0, 1) → R.
Strongly unimodal densities f trivially satisfy that assumption. 6 Except for the Gaussian one, stable densities (2.4) are not strongly unimodal. However, u → ϕ f (F −1 (u)) being bounded (in absolute value) and continuously differentiable, with a derivative changing signs exactly twice, it has bounded variation, hence can be expressed as the difference between two monotone increasing functions; ϕ f therefore also can.
The following result summarizes the asymptotic properties of the rank-based statistics (2.5); see the Appendix for a proof. Proposition 2.2 Let Assumptions (A1), (A2) and (B) hold. Then,
i , where G stands for the distribution function associated with a density g ∈ F , we have, under
(2.6)
J (β β β) is asymptotically normal with mean zero and covariance matrix
is asymptotically normal with mean J (J, g)τ τ τ and covariance matrix J (J)I K , where
J (β β β) satisfies the asymptotic linearity property
g,a,β β β with g ∈ F , as n → ∞.
Under the conditions of Proposition 2.1, the Le Cam one-step methodology requires the existence of a preliminary root-n consistent estimatorβ β β (n) of β β β. The LAD estimatorβ β β (n)
LAD of β β β, which we are considering in the sequel, is one possibility, but any other estimator enjoying root-n consistency under the whole class of stable densities would be an equally valid candidate.
In this context, however, a needs not be estimated, as ranks are insensitive to location shift; we therefore concentrate onβ β β (n)
LAD . In order to control for the uniformity of local behaviors, a discretized versionβ β β
LAD should be considered in theoretical asymptotic statements. The discretization trick, which is due to Le Cam, is quite standard in the context of one-step estimation. While retaining root-n consistency, 6 A density f is called strongly unimodal if f 1/2 is differentiable in quadratic mean and ϕ f is monotone increasing; Gaussian, logistic and double exponential densities are strongly unimodal.
7 Since central sequences are only defined up to o P (1) terms, ∆ discretized estimators indeed enjoy the important property of asymptotic local discreteness, that is, they only take a finite number of distinct values, as n → ∞, in β β β-centered balls with O(n −1/2 ) radius. In fixed-n practice, however, such discretizations are irrelevant (the discretization constant can be chosen arbitrarily large). For the sake of simplicity, we will henceforth tacitly assume thatβ β β (n) LAD , in asymptotic statements, has been adequately discretized.
Were J −1 (J, g) a known quantity, the one-step R-estimator of β β β would take (since the asymptotic
is proportional to an identity matrix) the following very simple form:
It readily follows from (2.8) (as well as from standard results on one-step estimation: see, e.g., Proposition 1 in Chapter 6 of Le Cam and Yang (2000)) that
. This in turn implies that ν ν ν −1 (n)(β β β
f,a,β β β , that is, reaches parametric efficiency at correctly specified density f = g.
Unfortunately, the scalar cross-information quantity J (J, g) is not known-a phenomenon that does not appear in the usual one-step method, based on the "parametric central sequence" associated with some correctly identified density f = g. Under definition (2.9),β β β 
LAD ), and consider the scalar product
Proposition 2.2, the consistency and local asymptotic discreteness ofβ β β
(n)
LAD , and the definition ofβ β β (n) (v) entail that, under P (n) g,a,β β β with g ∈ F ,
for any v > 0; this provides the intuition for taking the solution of h(v) = 0 as an estimation of (J (J, g)) −1 . And, provided that h (n) (0) is not o P (1), a consistent estimator of (J (J, g)) −1 indeed would bê
More precisely, consider a discretization of the positive half-line, with v ℓ := ℓ/c, ℓ ∈ N, c > 0 a (typically, large) discretizing constant, the value of which, however, plays no role in asymptotic statements. Putting
consider the linear interpolation
(2.12)
It follows from Proposition 2.1 in Cassart et al. (2010) that, unless h
provides a consistent estimator of the cross-information quantity J (J, g). Our one-step R-estimator then is defined as β β β LAD + o P (n −1/2 ), so that our estimator coincides, asymptotically, with the LAD estimator.
The following result (see the Appendix for a proof) summarizes the asymptotic properties of β β β 
g,a,β β β with g ∈ F . Therefore, letting
achieves the parametric efficiency bound under P
f,a,β β β .
In view of Proposition 2.3, the asymptotic relative efficiencies of our R-estimators clearly coincide with those of the corresponding tests developed in Hallin et al. (2010) . More precisely, we have that
where ARE g (J 1 /J 2 ) denotes the asymptotic relative efficiency, under density g, of the R-estimator β β β Traditional scores (such as the van der Waerden, Wilcoxon and Laplace ones) are associated with some classical light-tailed densities (such as the normal, logistic and double-exponential), leading to the scoregenerating functions respectively, where Φ denotes, as usual, the standard normal distribution function. The resulting R-estimators are reaching parametric efficiency under Gaussian, logistic and double-exponential densities, respectively. Stable scores, of the form
, where f θ θ θ is some stable density, also can be considered, not under closed form, though; we refer to Appendix B of Hallin et al. (2010) , where rank tests based on such stable scores are discussed, for details. Table 1 and Figures 1 and 2 provide numerical values of AREs in (2.13) for various estimators and underlying stable densities. Interestingly, the R-estimators based on the stable scores for tail index 1.4 uniformly dominate, irrespective of the asymmetry parameter b, the LAD estimator for all values of α ∈ [1, 2] . Their AREs with respect to LAD estimators moreover culminates in the vicinity of α = 1.8, a value which is generally recognized as a reasonable tail index for financial data.
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To conclude this section, the following result establishes the asymptotic equivalence between the LAD estimator and the Laplace R-estimator (based on the score function J L ); see the Appendix for a proof. Proposition 2.4 Let Assumptions (A1) and (A2) hold. Then, the difference β β β
g,a,β β β for any g ∈ F such that g is strictly positive at the median G −1 (
As a direct consequence, the ARE (under P (n) g,a,β β β with g ∈ F ) of any estimatorβ β β (n) with respect toβ β β (n)
LAD is equal to the ARE ofβ β β (n) with respect to β β β (n) JL .
Finite-sample performance.
This section is devoted to a simulation study of the finite-sample performances of the various R-estimators described in the previous sections and some of their competitors, in order to check whether these performances are are in line with the ARE results of Table 1 .
We generated M = 1000 samples from two multiple regression models, 1, 1, . . . , 1) ∈ R K , the true values of the regression parameters are thus β β β = 1 2 in model (3.14) and β β β = 1 4 in model (3.15) .
Denoting by β β β (n) (j) = (β
. . , M ; K = 2 or 4 depending on the model) an estimator β β β (n) computed from the jth replication, the empirical bias and empirical mean square error for the first component β
respectively; models (3.14) and (3.15) being perfectly symmetric, efficiency comparisons can be based on that first component only. These quantities were computed for the least squaresβ β β Results are collected in Table 3 for model (3.14) and Table 3 for model (3.15) , and confirm the theoretical findings of the previous sections. Least squares behave quite poorly, and fail miserably as the tail index decreases, while least absolute deviations maintain an overall good performance. The empirical performances of R-estimators are consistent with theoretical ARE rankings. Depending on the scores and the actual underlying tail index and skewness parameter, R-estimators may or may not improve on least absolute deviations. Stable score-based R-estimators, as a rule, outperform least absolute deviations, as expected, under correctly specified values of the tail index.
It is worth noting that one-step R-estimators are doing better than their Hodges-Lehmann counterparts in tmodel (3.15) , that is, when the parameter is of dimension four. This is most probably due to computational problems related with the Argmin approach in higher dimensions; such problems do not occur in the onestep approach. Further evidence of this phenomenon is provided in Table 3 , where we report results for the one-step and Hodges-Lehmann versions of the van der Waerden R-estimator in regression models of the form Y 16) with K regressors, K = 6, 10, 15 (same number of replications; regression constants uniform over [−1, 1] K ). Irrespective of the underlying stable density, the superiority of the one-step version quite significantly increases with K.
Conclusion.
Stable densities constitute a broad and flexible class of probability density functions, allowing for asymmetry and heavy tails. Their theoretical properties make them quite appealing in a variety of applications, including econometric and financial ones. Traditional inference methods, however, in general are not valid in models involving stable error: classical tests no longer satisfy nominal probability level constraints, and Empirical bias and MSE of the least squareβ β β LAD and various rank-based estimators computed from 1000 replications of model (3.14) with sample size n=100, under various stable error distributions. Empirical bias and MSE of the least squareβ β β LAD and various rank-based estimators computed from 1000 replications of model (3.15) with sample size n=100, under various stable error distributions. estimators, as a rule, are rate-suboptimal. On the other hand, due to the absence of closed-form likelihoods, theoretical optimality results are not easily derived. And, still for the same reason, their practical implementation is all but straightforward. In the particular case of linear models with stable errors (with unspecified tail index α and skewness parameter b), Hallin et al. (2010) show how rank-based methods provide a powerful and convenient solution to testing problems. In order to do so, they first establish the local asymptotically normal nature (ULAN, with root-n contiguity rates) of linear model experiments with stable errors. In this paper, we extend their approach to estimation problems. More particularly, taking full advantage of the ULAN property, we construct one-step R-estimators for the regression parameter β β β. Those estimators are root-n consistent and asymptotically normal, irrespective of the underlying stable density, and their asymptotic covariance matrices are obtained as a by-product of the one-step procedure. Using numerical results derived in Hallin et al. (2010) , we moreover show how to construct the R-estimators associated with stable scores, achieving parametric optimality at prespecified values of α and b.
A thorough Monte Carlo study confirms the excellent finite-sample performances of our one-step R-estimators, which are shown to outperform not only the traditional OLS and LAD estimator, but also their Argmin or Hodges-Lehmann counterparts.
Appendix.
Proof of Proposition 2.2. Point (i) is a direct consequence of the Hájek projection theorem. Points (ii) and (iii) follow from point (i), the central limit theorem and the Le Cam's Third Lemma. As for point (iv), Theorem 3.1 in Jurečková (1969) applies.
Proof of Proposition 2.3. In view of (2.9), we have that 
which, in view of (5.20) , completes the proof.
